Abstract. We study the localization of eigenfunctions induced by a point scatterer on a rectangle with a high aspect ratio. We find an explicit set of eigenfunctions localized to part of the rectangle by showing that the spectral properties of the two-dimensional point scatterer are asymptotically governed by the one-dimensional Schödinger operator with a Dirac delta potential. Numerical results regarding the asymptotic behavior of the localization are also presented.
Introduction
TheŠeba billiard, a point scatterer on a two-dimensional plate, was first introduced in [17] as a simple model to study quantum chaos. It is formally given by a Schrödinger operator −∆ + cδ x0
where ∆ is the Laplacian, c ∈ R and x 0 ∈ Ω but requires renormalization or spectral theory to be properly defined. More precisely, a point scatterer at a point, say x 0 , is defined as a self-adjoint extension [10] of the Laplacian whose domain consists of functions vanishing near x 0 . Such an extension is not unique and we can parametrize all possible self-adjoint extensions with a single parameter which can be considered a number related to the strength of the point scatterer. See [11, 13, 14, 16] for further developments. In [9] , we showed numerically that a point scatterer located inside a rectangle acts as a barrier so that the low-energy eigenfunctions get localized as the eccentricity, the ratio of the width to the height of the rectangle, tends to infinity. This work was motivated by the numerical study of Filoche and Mayboroda [5] for bi-Laplacian ∆ 2 on a rectangle with a point removed. This fourth order operator exhibits localized modes under the boundary conditions requiring the mode and its gradient to vanish at the boundary.
In this paper, we provide an explicit set of eigenvalues and corresponding parameters of the point scatterer exhibiting this phenomenon. Interestingly, we observed that for low-energy eigenvalues and eigenfunctions there exists asymptotic correspondence between theŠeba billiard and the one-dimensional Schrödinger operator with a Dirac delta potential. In Section 2, we review a one-dimensional model which turns out to be closely related to low-energy eigenfunctions ofŠeba billiards. In Section 3, we consider an estimate measuring the ratio of the localization induced by a point scatterer with an arbitrary parameter. Then in Section 4, we prove the main theorem by combining the results of two previous sections. Finally in Section 5, we will give numerical results regarding the asymptotic behavior of the localization mentioned in the main theorem in Section 4.
One-dimensional model with a Dirac delta potential
Let 0 < x 0 < a, c ∈ R and consider a Schrödinger operator −∆ − cδ x0 on [0, a] with the Dirichlet boundary condition. We assume that x0 a is irrational so that σ(−∆), the spectrum of the Dirichlet Laplacian, and σ(−∆ − cδ x0 ) are disjoint. In other words, the Laplacian eigenfunctions vanishing at x 0 do not feel the presence of the delta impurity so they remain as the eigenfunctions of −∆ − cδ x0 with the same eigenvalues. Hence, placing a point scatterer at x 0 perturbs all modes if and only if x0 a irrational. The eigenvalues z ∈ σ(−∆ − cδ x0 ) are given as the solutions to
having multiplicity 1 and the corresponding eigenfunctions ψ
where N > 0 is the normalization constant so that ψ
Note that the superscript (1) of ψ (1) z indicates that the eigenfunction is from the one-dimensional model. For each c ∈ R, we denote the eigenvalues of −∆ − cδ x0 by z 1,c < z 2,c < z 3,c < · · ·.
Now we consider the limits of eigenvalues and eigenfunction as c → ∞. By (2.1), we obtain an increasing sequence z n,∞ = lim c→∞ z n,c , n ≥ 1 defined as a union of two distinct sets, namely,
Remark. For a fixed c ∈ R, (2.1) provides an increasing sequence of eigenvalues z n,c > 0, n = 1, 2, · · · . On the other hand, for any z ∈ (0, ∞) \ {z n,∞ | n ≥ 1}, there exists a unique c ∈ R also given by (2.1) such that z ∈ σ(−∆ − cδ x0 ). In addition, since 0 < x0 a < 1 is irrational, {z n,∞ | n ≥ 1} interlaces with a sequence nπ a
We now allow c to take the value +∞ and let ψ
On the other hand, for z > 0, ψ
has the L 2 -expansion:
whereÑ is the L 2 -normalization constant.
3.Šeba billiards
Consider aŠeba billiard on a rectangular plate
We continue assuming x0 a to be irrational as in the previous section. We denote the point scatterer located at x 0 ∈ Ω with a parameter α ∈ (−∞, ∞] by −∆ x0,Ω,α but for simplicity let us omit x 0 and Ω from the notation since those quantities are fixed. The parameter α is following Albeverio's notation from [1] as in our previous paper [9] . According to this notation, the point scatterer disappear in the sense of becoming −∆ as α → ±∞ whereas it gets stronger when |α| ∞. In particular, α = ∞ corresponds to the Dirichlet Laplacian
so we will only consider α ∈ R for which the presence of the point scatterer actually perturbs the system. Now consider the eigenvalues of the point scatterer. For α ∈ R, we can divide σ(−∆ α ) into two types:
where each of them is obtained by different conditions. Let z 1,α < z 2,α < · · · be the perturbed eigenvalues of −∆ α . Then those are eigenvalues of multiplicity 1 implicitly given as solutions to
where λ 1 < λ 2 < · · · and φ n ∈ L 2 (Ω) are the eigenpairs of the Dirichlet Laplacian −∆ on Ω defined as
Now we remark some properties of the perturbed eigenvalues of −∆ α . Remark. For any z ∈ R \ {λ n | n ≥ 1}, there exists a unique α ∈ R given by (3.1) such that z ∈ σ(−∆ α ). For any α ∈ R, σ(−∆ α ) interlaces with σ(−∆), namely,
In addition, for n ≥ 1, we have
z be the eigenfunction associated with z ∈ σ(−∆ α ). Note that the superscript (2) of ψ (2) z indicates that the eigenfunction is for the two-dimensional model. Then we have ψ
z (x) = M G z (x 0 , y 0 ; x, y) where G z is the integral kernel of the resolvent operator (−∆ − z)
has the L 2 -expansion up to a multiplicative constant:
Note that for α ∈ R, any f ∈ D(−∆ α ) has a logarithmic singularity at (x 0 , y 0 ) or vanish at (x 0 , y 0 ). More precisely, as (x, y) → (x 0 , y 0 ),
for some C 1 ∈ R and C 2 (α) ∈ R fixed for each α. Proofs can be found in Chapter 1 of [2] with a general statement for a complete and smooth Riemannian manifold of dimension two. This implies that ψ (2) z also contains the logarithmic singularity unless ψ 
In addition, letψ (2) z and ψ (2) r 2 z be the eigenfunctions corresponding to the eigenvalues z ∈ −∆ rΩ,α and r 2 z ∈ −∆ Ω,α−β , respectively. Then for some C = 0, we havẽ
Now we estimate the localization of eigenfunctions over
2 -sense where the perturbed eigenvalue is bounded by terms related to the eccentricity.
Proof. We rewrite (3.5) using (2.5) as
On the other hand, since z < π 2 1 E + 4E , there exists C > 0 such that
as E → ∞ where
Let N E = √ 3E 2 + 1 and define S 1 , S 2 and z n,∞ as in (2.2) with a = √ E. For n = 2, 3, · · · , N E , there exists a unique parameter α n explicitly defined as
In addition, as E → ∞,
In addition, since
2) actually implies that there exists a constant C > 0 and M > 0 such that for all E > M ,
Numerical Results
In [9] , we numerically exhibited several kinds of localized eigenfunctions without specifying α n , the parameters maximally localizing the n-th mode of theŠeba billiard to one side of the rectangle. We now numerically check how accurately the localization occurs for −∆ αn for E large as expected by Theorem 2. For the sake of convenience, let the x-coordinate of the point scatterer be fixed at x 0 = a π . Note that, however, the qualitative properties we observe also hold for other values of x 0 .
First, consider aŠeba billiard with a fixed eccentricity E = 10π. Although α ∈ R is the variable to be considered for −∆ α , we can let the eigenvalue z ∈ σ(−∆ α ) itself be an independent variable in R \ {λ n | n ≥ 1} and let α ∈ R depend on z since for each z, there exists a unique parameter α ∈ R defined by (3.1) such that z ∈ σ(−∆ α ). In this point of view, Fig. 3 shows the L 2 -norm of the eigenfunction ψ
z over Ω 1 as a function of z. Note that we assumed ψ
gets completely localized in Ω 1 and Ω \ Ω 1 , respectively. The dashed and dotted lines indicate the sets of optimal eigenvalues S 1 + π 2 E and S 2 + π 2 E exhibiting the localization in Ω 1 and Ω \ Ω 1 expected by Theorem 2. One can observe that those lines in Fig. 3 thoroughly estimate the n-th lowest eigenvalues (n = 2, · · · , N E ) of the localized eigenfunctions. For example, Fig. 4 shows the partial sum of the first 10 6 terms of (3.5) where z = z 3,α3 = π 2 E + z 2,∞ . Since z 2,∞ = π x0 2 ∈ S 1 , the eigenfunction tends to localize on Ω 1 . A small peak at x 0 , b 2 indicates the logarithmic divergence of ψ (2) z mentioned in (3.6). This phenomenon was not emphasized in the figures of localized modes in [9] .
Second, we introduce numerical examples verifying how strongly the eigenfunctions ψ (2) z n,αn localize in terms of the asymptotic estimate in (4.2) as E → ∞. For E > 0 and for n = 2, · · · , N E , consider an operator −∆ x0,Ω,αn and its n-th lowest eigenvalue z n,αn where x 0 = (x 0 , 
